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Near β-Ti alloys…
Chemical composition (w%)

Ti-5553
Ti-17

Ti-10-2-3

Landing 
gears

Rotor 

Systems

Al Mo V Fe Sn Zr Cr

Ti-5553 5 5 5 0.5 0 0 3

Ti-17 5 4 0 0 2 2 4

Ti-10-2-3 3 0 10 2 0 0 0
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α-elements

β-elements

… for Airframe Applications



In-service microstructure : complex and multi-scale*
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Macro

40% of  βres phase revealing 

Millimeter large prior  grains

MicroMeso

Primary  p 

nodules

Secondary s

Precipitation 

Strong elastic 

anisotropy of 

both β and α 

phases

Fracture surface in  Ti-5553 

[N. Clément, 2010]

Influence the

Stress distribution 

under fatigue loading

*M.R. Chini et al. (2016) in Proceedings of the 13th World 

Conference on Titanium



1) Uniaxial, multiaxial and reversible loading, Bauschinger stress 

2) Incompatibility stresses and slip activity

To evaluate the role of the elastic anisotropy on both the 

overall mechanical behavior and the local behavior
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Our purpose 

1. First, considering a 100% equiaxed β microstructure

Based on:

An affine Elasto-Viscoplastic Self-Consistent model (EVPSC)

- Elasto-viscoplastic coupling (Translated fields)

- Non linear viscoplastic flow rule (affine approximation)

β elastic anisotropy

crystallographic β texture

2.  Then, considering an equiaxed nodular microstructure α-β



Outline

1) Which Elastic Constants describe at best 

the β-phase elastic behavior ?

2) Our affine EVPSC model 

to capture the elasto-viscoplastic transition

3) The macroscopic elasto-viscoplastic and the local 

behaviors in a 100% β-Ti alloy:

4) The tensile elasto-viscoplastic behavior, slip activities and 

local plastic strain in nodular microstructure α-β 5

- β elastic anisotropy

- crystallographic β texture



Literature reports A coeff. ranging from 1.4 to 8.3

for the β phase 

References
C (GPa)

A* Ti alloy Method
Effective Young’s 

modulus (GPa)**C11 C12 C44

Fréour et al. (2005) 174 116 41 1.4 Ti17
Xray diffraction + 

inverse SC
98.575

Fréour et al. (2011) 167 115 44 1.7 Ti17
Xray diffraction 

+inverse SC
98.425

Nejezchlebova et al. 

(2016)
138 102.2 42.5 2.37

Single crystal 

LCB

Ultrasound+Hill 

model
83.787

Martin et al. (2012) 100 70 36 2.4 Ti17-Ti5553
Fitted from 

experiments
69.397

Petry et al. (1991) 134 110 36 3 Pure
Phonon 

dispersion
66.6

Brandes et al. (1992) 134 110 55 4.6 Pure ? 85.844

Fisher & Dever (1970) 99 85 33.6 4.8 Pure ? 52.761

Kim et al. (2009) 135 113 54.9 5 Ti6-2-4-2
Line focus 

acoustic 

microscopy

83.702

Ledbetter et al. (2004) 97.7 82.7 37.5 5 Pure

Resonant 

ultrasound 

spectroscopy

57.498

Raghunathan et al. 

(2007)
140 128 50 8.3 Ti10-2-3

Xray diffraction 

+inverse SC
67.244

∗ A =
2C44

C11 − C12
6



Only 3 sets of elastic constants give the β-Ti Young Modulus

(Lhadi et al, 2018 Int. J. Plast.) 

References
C (GPa)

A* Ti alloy Method
Effective Young’s 

modulus (GPa)**C11 C12 C44

Fréour et al. (2005) 174 116 41 1.4 Ti17
Xray diffraction + 

inverse SC
98.6

Fréour et al. (2011) 167 115 44 1.7 Ti17
Xray diffraction 

+inverse SC
98.4

Nejezchlebova et al. 

(2016)
138 102.2 42.5 2.37

Single crystal 

LCB

Ultrasound+Hill 

model
83.8

Martin et al. (2012) 100 70 36 2.4 Ti17-Ti5553
Fitted from 

experiments 69.4

Petry et al. (1991) 134 110 36 3 Pure
Phonon 

dispersion
66.6

Brandes et al. (1992) 134 110 55 4.6 Pure 85.8

Fisher & Dever (1970) 99 85 33.6 4.8 Pure 52.8

Kim et al. (2009) 135 113 54.9 5 Ti6-2-4-2
Line focus 

acoustic 

microscopy

83.7

Ledbetter et al. (2004) 97.7 82.7 37.5 5 Pure

Resonant 

ultrasound 

spectroscopy

57.5

Raghunathan et al. 

(2007)
140 128 50 8.3 Ti10-2-3

Xray diffraction 

+inverse SC
67.2

7
Effective Young’s modulus of Ti-17 : 68 GPa

(A. Settefrati, 2012)
**Polycristal: spherical grains and 

random texture
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These 3 sets of elastic constants give large differences in :
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Outline
1) Which Elastic Constants describe at best 

the β-phase elastic behavior ?

2) Our affine EVPSC model to capture the elasto-

viscoplastic transition 

‒ Mareau and Berbenni (2015) Int. J. Plast.

‒ Lhadi et al. (2018) Int. J. Plast.  

3) The macroscopic elasto-viscoplastic and the local 

behaviors in a 100% β-Ti alloy:

4) The tensile elasto-viscoplastic behavior, slip activities and 

local plastic strain in nodular microstructure α-β 9

- β elastic anisotropy

- crystallographic β texture
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Motivation: Micro-Macro homogenization scale 

transitions for elasto-viscoplasticity

ΕCΣ :effElasticity

Elasto-viscoplasticity

 Inhomogeneous material and linear (or linearized) behavior

 Space-Time coupling due to different time derivation orders

quite easy

difficult

εcσ :

Real material

RVE

Scale 

transition

ሶ𝐄

Equivalent Homogeneous 

Medium

Effective behavior

Non conventional solution: Translated fields



with:

Field equations for elasto-viscoplastic behavior

Viscoplasticity: 

non linear function of stress

11

Need to be approximated



n

*-Mareau and Berbenni (2015) Int. J. Plast.

-Berbenni et al. (2015) Comptes Ren. Méca.

Viscoplastic flow rule - affine linearization

Good description of the overall response of heterogeneous 

materials : close to FFT calculations

12

(Masson et al. 2000)

ሶεvp∗ ≈ mt: σ + ሶη

Extrapolated back 

strain rate

Tangent modulus
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(E= 0.02 and n=10)

Viscoplastic flow rule - affine linearization

*-Mareau and Berbenni (2015) Int. J. Plast.

-Berbenni et al. (2015) Comptes Ren. Méca.

Good description of the overall response of heterogeneous 

materials : close to FFT calculations
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Application for : 

- FCC crystalline material (Mareau and  Berbenni, 2015 Int. J. Plast.)

- Near β-Ti  alloys (Lhadi et al, 2018 Int. J. Plast.)

- Pure α-Ti  (Amouzou et al, 2016 Int. J. Plast.)

𝝈ሶ = 𝒄:𝑨𝑪:  𝑺𝒆:𝜮ሶ + 𝑬ሶ 𝒗𝒑,𝒆 − 𝒄: 𝜺ሶ𝒗𝒑 + 𝒄:𝑨𝑪:𝜞𝒍
𝑩𝒕:  𝒃𝒕:𝜼ሶ + 𝑩𝒕

𝒆:𝜨ሶ 𝒆 

+ 𝒄:𝑨𝑪:𝜞𝒍
𝑪:  𝜹𝒄: 𝜺ሶ𝒗𝒑 + 𝒄:𝑨𝑪:   𝜺ሶ𝒗𝒑 − 𝑬ሶ 𝒗𝒑,𝒆  

− 𝒄:𝑨𝑪:𝜞𝒍
𝑩𝒕:  𝜹𝒃𝒕: 𝜺ሶ

𝒗𝒑 − 𝒃𝒕:𝑨
𝑩𝒕:  𝑴𝒕

𝒆:𝜮 + 𝜨ሶ 𝒆 −  𝜺ሶ𝒗𝒑   

+ 𝒄:𝑨𝑪:  𝜞𝒍
𝑪:𝑪𝒆 − 𝜞𝒍

𝑩𝒕:𝑩𝒕
𝒆 :  𝜺ሶ𝒗𝒑 − 𝑨𝑩𝒕:  𝜺ሶ𝒗𝒑  

− 𝒄:𝑨𝑪:  𝜞𝒍
𝑪:𝑪𝒆 − 𝜞𝒍

𝑩𝒕:𝑩𝒕
𝒆 :  𝑨𝑩𝒕:𝜞𝒍

𝑩𝒕:  𝒃𝒕:𝜼ሶ − 𝑩𝒕
𝒆:𝜨ሶ 𝒆   

Using the translated field method, the interaction law for 1-site 

self-consistent model writes:

Integral equation for elasto-viscoplastic behavior

𝜺ሶ = 𝜠ሶ − 𝜞𝑪 ∗ (𝜹𝒄: 𝜺ሶ 𝒆) − 𝜞𝑩𝒕 ∗  𝜹𝒃𝒕:𝜺ሶ
𝒗𝒑 − 𝒃𝒕:𝜼ሶ  +  𝜞𝑪:𝑪 − 𝜞𝑩𝒕:𝑩𝒕 ∗ 𝜺ሶ

𝒗𝒑 



Outline
1) Which Elastic Constants describe at best 

the β-phase elastic behavior ?

2) Our affine EVPSC model 

to capture the elastic-viscoplastic transition

3) The macroscopic elasto-viscoplastic and the local 

behaviors in a 100% equiaxed β-Ti:

4) The tensile elasto-viscoplastic behavior, slip activities and 

local plastic strain in nodular microstructure α-β 15

- β elastic anisotropy : A =2.4, 3 and 8.3

- crystallographic β texture :

Random or (60% <111> and 40% <100>)

close to as observed for forged β-Ti phase



* Méric et al. (1991), Méric & Cailletaud (1991)

ሶγs = ηs
τs − xs − rs

K

n

ηs = sign τs − xs 

xs= c𝑠αs ሶαs = ηs − dαs ሶγs

rs = τc
s + bQ

r

hsrρ
r ሶρr = 1 − bρr ሶγr

 Slip rate* 

 Kinematic hardening

 Isotropic hardening

Single-crystal viscoplastic law of β-phase

16

𝐧 𝐊 𝐌𝐏𝐚. 𝐬𝟏/𝐧 𝛕𝐂 𝐌𝐏𝐚 c 𝐌𝐏𝐚 d Q

{110} <111> 20 300 113 200 0 0

{112} <111> 20 300 113 200 0 0

{123} <111> 20 300 123 400 0 0

Neglected in tensile test 

simulations

** PhD Thesis of Martin G. (2012) Ecole Nationale Supérieure des Mines de Paris

Fitted parameters from experiments a 100% β Ti-17 (from literature**)
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Heat treatment at 920°C-15 min + Quenching

ሶ𝛆 = 𝟐 × 𝟏𝟎−𝟑𝒔−𝟏 ሶ𝛆 = 𝟐 × 𝟏𝟎−𝟒𝒔−𝟏

Experimental data: Ti-17 100% beta- isotropic texture and spherical 

grains [A. Settefrati, 2012,  T. Duval, 2013, G. Martin, 2012]

Effect of elastic anisotropy on the 

macroscopic elastic-viscoplastic behavior
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ሶ𝛆 = 𝟐 × 𝟏𝟎−𝟑𝒔−𝟏

Lhadi S., Berbenni S., Gey N., Richeton T., Germain L., 2018. Micromechanical modeling of the effect of elastic and plastic

anisotropies on the mechanical behavior of -Ti alloys. International Journal of Plasticity. 109 (2018) 88-107.

Effect of elastic anisotropy on Incompatibility 

Stresses: grains <111>β and <100>β//TD
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Incompatibility stresses affect plastic strain of grain 

<100> for A=8.3 

Plastic strain 
starts at 0.05



20

Anisotropic elasticity VS isotropic elasticity (A=1)

Lhadi S., Berbenni S., Gey N., RichetonT., Germain L., 2018. International Journal of Plasticity. 109 (2018) 88-107.

β

β

β

Ceff(E,ν) 

Cβ(C11, C12, C44)

Random texture

A≠1

β

β

β
Ceff(E,ν)

Ceff(E,ν)

Ceff(E,ν) A=1

Random texture
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Anisotropic elasticity VS isotropic elasticity (A=1) (2)

ФФ
Ф =

σ𝐠=𝟏
𝐧𝐠 σ𝐬=𝐩

𝐪
𝐟𝐠 ሶ𝛄𝐠

𝐬

σ
𝐠=𝟏
𝐧𝐠 σ𝐬=𝟏

𝐧𝐬 𝐟𝐠 ሶ𝛄𝐠
𝐬

Lhadi et al. MATERIALS 2018, 11(7), 1227

ሶ𝛄𝐬 = ηs
τs − xs − rs

K

n

Slip rateRelative activity of a β-phase slip family:

{110} <111>

{112} <111>

{123} <111>

12 syst.

12 syst.

24 syst. 

{112} <111> slip systems are predominant at the onset of plasticity when elastic 

anisotropy 
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Influence of β elastic anisotropy on the Bauschinger 

stress
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Cyclic tension-compression loading 

simulations are performed at an applied 

strain rate of 2 × 10−3𝑠−1

with strain amplitude of -/+ 5%
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Influence of elastic anisotropy on the multiaxial 

plastic yielding- random texture
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Influence of elastic anisotropy on the multiaxial 

plastic yielding- β-forged texture

Stereographic (111) and (100) pole figures illustrating the β-forged crystallographic texture. The Texture Index measuring

the degree of anisotropy of the texture (Bunge, 1982) is 10.25. These pole figures were generated using the ATEX-

software (Beausir and Fundenberger, 2018).

1. Σ11=Σ33

2. Σ11= -Σ331

2



Outline
1) Which Elastic Constants describe at best 

the β-phase elastic behavior ?

2) Our affine EVPSC model to capture the elasto-viscoplastic 

transition 

3) The macroscopic elasto-viscoplastic and the local 

behaviors in a 100% β-Ti alloy:

4) The tensile elasto-viscoplastic behavior, slip activities 

and local plastic strain in nodular microstructure α-β

25
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Nodular Microstructure

(13-14% Nodules + 87% β-phase quantified by 

Xray Diffraction (O. Perroud))

Random texture

Millimeter large prior  grains

Nodular microstructure of Ti-1023

DR

DL

DT

=500 µm; IPF_Z1BETA; Step=1 µm; Grid1145x859
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Selection from the literature of EC of the α-phase

A =
2 ×  C44+C55 + C66 

C11 + C22 + C33 − C12 − C13 − C23
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Young modulus of α-single crystal in function of 

angle θ

𝑐

𝑎1

𝑎2

θ

σ
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200

-90 -80 -70 -60 -50 -40 -30 -20 -10 0 10 20 30 40 50 60 70 80 90

E(
G

P
a)

Angle θ°C

Martin (2012) Hearmon (1979) Kim et al. (2009)

Kim et al. (2009)† Raghunathan et al. (2007) Brandes & Brook (1992)††
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𝑐

𝑎1

𝑎2

θ

TD
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Hearmon (1979)

Nα(c-axis//TD)

Nα(c-axis ∟TD)

Elastic constants of α-single crystal used in the 

model
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β-Phase

slip family n K 𝑀𝑃𝑎. 𝑠1/𝑛 𝑟0
𝑠 𝑀𝑃𝑎 𝑐𝑠  𝑀𝑃𝑎 

{110} 20 300 113 200

{112} 20 300 113 200

{123} 20 300 123 400

Macroscopic tensile behavior of Ti-1023 (nodular 
microstructure)

Dimensions : L=20mm ; D= 6mm

† Experiments realized in ENIM-LEM3 with the collaboration of Dr. Julien Capelle
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Slip family n K 𝐌𝐏𝐚. 𝐬𝟏/𝐧 𝐫𝟎
𝐬 𝐌𝐏𝐚 𝐜𝐬 𝐌𝐏𝐚 Slip family n K 𝐌𝐏𝐚. 𝐬𝟏/𝐧 𝐫𝟎

𝐬 𝐌𝐏𝐚 𝐜𝐬 𝐌𝐏𝐚 

Basal 90 270 215† 0 {110} 80 300 70 200

Prismatic 90 270 350 0 {112} 80 300 70 200

Pyramidal <a> 90 270 435 0 {123} 80 300 80 400

Pyramidal <c+a> 90 270 620 0

Effect of nβ on the macroscopic tensile behavior of 
Ti-1023

† Based on observations of T. Duval (PhD Thesis, ENSMA, 2013)
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Effect of nβ on the slip activity for a fully β-equiaxed 

microstructure

With nβ=80 With nβ=20

0

0.2

0.4

0.6

0.8

1

0 2 4 6 8 10 12

Φ

E33(%)

 {110} {112} {123}

When nβ increases, {123} slip family becomes less of priority  



33

Slip activity of Ti-1023 (nodular micro. with 15%α)

Ф′ =
σg=1
ng σs=p

q
fg ሶγg

s

σg=1
𝐧𝜶 σs=1

ns fg ሶγg
s
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Plastic strain in α nodules (c//TD and c ∟TD) 

𝒓𝟎
𝐬  𝐌𝐏𝐚 

215

350

435

620

Slip family

Basal

Prismatic

Pyramidal <a>

Pyramidal <c+a>
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α-phase anisotropic elasticity VS isotropic elasticity 

(A=1)

Nodular Microstructure

(15% Nodules α + 85% β-phase)

Random texture-equiaxed grains
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Influence of texture on the slip activity of α-phase

Cube texture is favorable to α-phase slip activity

Nodular Microstructure

(15% Nodules α + 85% β-phase)

equiaxed grains
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Conclusions 

An advanced micromechanical model (EVPSC) is applied to near β-Ti alloys:

 Macroscopic behavior is not discriminant to evaluate the effect of the β elastic anisotropy.

 Influence of elastic anisotropy (A) on incompatibility stresses: different local behaviors

between <100>β and <111>β //TD.

 Incompatibility stresses of all α nodules are positive no matter what orientation has the

nodule/TD.

 α nodules with axis Ԧc//TD: orientation is unfavorable to activation of slip systems.

 Cube texture is favorable to α-phase slip activity.

Prospects of this work

Consolidate the model results through an experimental campaign 

̶  Evaluate slip activity of α nodules by microscopy coupled to EBSD

̶ Measure stress by phase field (in situ characterization, synchrotron) : Postdoc Ravi, 

start in March 2019 (IRT funding)
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